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es.2012.1Abstract The study of robot workspace is an interesting problem since its applications are directly
related to industry. However, it involves several mathematical complications; Thus, many of the
arising questions are left without a deﬁnite answer. With the motivation of industrial demand,
the need for ﬁnding better answers than the existing ones lasts. The workspace (WS) determination
of a robot with general structural parameters is a complex problem, which cannot be solved in an
explicit way. Closed form solutions are only available in some particular cases. Otherwise, compu-
tational algorithms and numerical techniques are used. The task becomes even much more compli-
cated by the presence of obstacles in the robot accessible region. Obstacle presence does not only
exclude points from the original WS but it affects the whole robot workspace’s shape and size to
the extent that it sometimes divides the working space in two or more separate regions that cannot
be linked by the same robot. Much research work in the literature is directed toward path planning
in the presence of obstacles without having to determine the robot WS. However, a real situation in
industry occurs when the knowledge of the WS is of importance in facility layout. This paper pre-
sents an approach for the estimation of a generic open-chain robot in the presence of obstacles with
any desired number of prismatic and/or revolute joints of any order. Joints’ axes may have any ori-
entation relative to each other. The robot can be placed in free space or in a work cell consisting of a
set of Computer Numerically Controlled (CNC) machines and some obstacles.
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2.0051. Introduction
The study of robot’s global geometrical performance has been
an area of ongoing interest in the last decade due to its industrial
importance. The knowledge of robot WS can provide useful
information for facility planning and layout. The boundary con-
tours of theWS of a robot of general structure are difﬁcult to be
described in a closed form solution, which is only available in
some particular cases. Examples of such cases are the research
of Tsai and Soni (1981, 1983); Gupta andRoth (1982);Williams
and Reinholtz (1988) and Salerno et al. (1995). Otherwise,ing Saud University.
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such as the work of Liegeois et al. (1986); Kumar and Patel,
1986; Riley and Torfason (1994); Wang and Hsieh (1998) and
Megahed and S.M. (2001). Other researchers resorted to exper-
imental design for workspace estimation as in the work of Chen
et al. (2007). One of the major factors that affect the geometry
and size of the robotWS is the presence of obstacles in its acces-
sible region. (Wenger, 1989) studied the inﬂuence of obstacles
represented by different constituents of a work cell on the robot
WS. His work aimed to characterize the free WS of a robot and
the changes that occur in the presence of obstacles.However, the
methodology used by Wenger was based on an exhaustive
search, in which the computational effort increases with the in-
crease in the number of actuated axes. Trials of such methodol-
ogy show that exhaustive search is not suited for robots with
more than three joints. A lot of up to date research is oriented
toward planning of robot motions in the presence of stationary
and moving obstacles in its accessible region (Marchis et al.,
1994; Kavraki, 1995; Curto and B., 1997; Huang and Lawrence,
1999; Kyatkin and Chirikjian, 1999; Abdel-Malik and Yang,
2005). Some of this work uses visual tracking for robot control
and path planning such as the work of Tsai (Tsai and Song,
2009) while others use PLC coding and model generation for
collision detection within a workcell (Flordal et al., 2007).
Estimation of the full WS of a robot of a general structure
in the presence of obstacles is an under-explored topic, which
needs more study and investigation. This paper presents a
technique for approximate estimation of the WS of a simple
chain robot of general structure having any number of joints
in the presence of obstacles in its accessible region. These joints
may be of revolute (R) and/or prismatic (P) type. Robot type
may be represented by a series of letters R and/or P starting
from its base.
2. Workspace mathematical modeling
Determining robots’ working space is directly linked to their
geometry and the types and orientation of connecting joints
of its links. The mathematical analysis presented here is for
an open chain robot structure, which is conveniently done
using Denavit–Hartenberg (D–H) representation (Denavit
and Hartenberg, 1955). The next section brieﬂy explains the
D–H representation and its implementation in WS estimation.
2.1. Denavit–Hartenberg representation
Denavit and Hartenberg (1955) is used to establish the rela-
tionship between consecutive links of a robot. The robot Tool
Center Point (TCP) coordinate system is subsequently repre-
sented in terms of the robot base coordinate system. Fig. 1
shows the D–H parameters relating the robot moving links
and joints numbered from 1 to n starting from the base. Using
these D–H parameters, the resulting HTM between the two
successive coordinate systems Ri & Ri+1 is given by:
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where ci = Cos(hi), si = Sin(hi), cai = Cos(ai) and sai = Si-
n(ai). qi is the generalized coordinates of the ith joint given
by: qi = r0ihi + ririwhere ri = 0 for revolute joints and
ri = 1 for prismatic joints, and r0 = 1ri.
The Homogeneous Transformation Matrix between the
Tool Center Point Rn+1 with respect to the robot base R0
(00, X0, y0, z0) is given by:
T0;nþ1  T1;2  T2;3  T3;4 . . . . . . . . .Tn;nþ1 ð3Þ
with [ x0 y0 z0 1]
t = T0,n+1 [ xn+1 yn+1 zn+1 1]
t
The 4 · 4 Homogenous Transformation Matrices (HTM)
are used to evaluate the position and orientation of the robot
links relative to the robot’s base.
The ﬁnal position and orientation of the Tool Center Point
(TCP) also known as the robot end effector (x, y, z) can be ex-
pressed as a function of all the robot generalized coordinates
(q1, q2, . . .., qn).
2.2. Workspace points generation
Approximate determination of robot WS is based upon dis-
cretization of the volume about the robot, which is expected
to contain the WS deﬁned as search volume. The search vol-
ume (SV) is divided into a ﬁnite number of points located on
imaginary grid lines that partition the SV into a number of
divisions along each of the robot base axes directions x0, y0,
and z0.
Determining which points in the discretized SV belong to
the WS starts by setting all the joints to their minimum range
(Initial Position). Then, the closest point on the grid to the
TCP location is marked as a surface point on the WS
(WSP). By incrementally moving the last joint through its
range of motion the initial point sweeps a set of new points.
These new points are added to the WS. For each of these
points, the closest point on the grid is added to the existing
WS (Fig. 2). The existing WS points are swept through the
range of motion of the preceding joint to form a new WS.
The process is repeated until sweeping through the ﬁrst joint
(attached to the ground) range is completed. It should be noted
that only the surface points of the existing WS (WSP) are used
for the sweeping since they enclose the extreme reaches of the
WS.
Sweeping of a WSP is done by ﬁrst computing the HTM of
the joint axes that does the sweeping (active joint) according to
Eq. (3). Next, the position of the WSP with respect to the ac-
tive joint axes is computed by:
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Where: Xsp,a, Ysp,a, Zsp,a are the coordinates of the WSP with
respect to the active joint axes, Xsp, Ysp, Zsp are the coordinates
of the WSP with respect to the robot base axes respectively and
[T0,a] is the HTM of the active joint axes at its initial position.
Figure 1 Robot representation and D–H parameters.
Figure 2 WS points generation.
Figure 3 Points classiﬁcation in search volume.
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puting its new HTM ([T0,a]New) the new WSP position is com-
puted by:
Xsp
Ysp
Zsp
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Zsp;a
1
2
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3
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where: Xsp, Ysp, Zsp are the new coordinates of the WSP with
respect to the robot base axes respectively.
The following sections describe two algorithms for the
numerical estimate of the WS of a simple chain robot arm with
general structural parameters. The ﬁrst one estimates the WS
of the robot when placed in a free space. The second one esti-
mates the robot WS in the presence of other constituents in its
accessible region such as machines and/or obstacles. The two
algorithms are detailed in the next sub-sections.
3. Workspace estimation techniques in free space
The workspace computational algorithm in free space is devel-
oped to implement any industrial robot model. The objective
of the algorithm is to numerically estimate the set of all points
accessible by the robot end effector and to locate positions that
are inaccessible by the robot.3.1. Basic technique employed
The algorithm for robot WS estimation labels all the discret-
ized points of the SV as external points (EP) that are not acces-
sible by the robot, workspace surface points (WSP) or
workspace internal points (WIP) (Fig. 3).
Classiﬁcation of the SV points into WSP, WIP or EP is de-
scribed by the ﬂow chart shown in Fig. 4. The inputs include
the robot number of joints, D–H parameters and joints’ ranges
of motion. Additionally, it is necessary to deﬁne size limits for
the SV, number of divisions of the SV in each of the robot base
axis directions (NDX, NDY, and NDZ) and the number of
divisions per joint motion.
The algorithm starts by locating an accessible point for the
robot TCP when all the joints are at their minimum range, the
point is marked as a WSP. Then, The WSP is moved through-
out the range of motion of the last joint to determine new
accessible points in the SV. After range of motion completion
of the last joint, all the accessible points in the SV are stored
into WSP if they are in contact with an EP or as WIP if not
in contact with any EP. The new set of WSP is moved through
the range of motion of the preceding joint to generate a new set
of accessible points. The process is repeated for the remaining
joints to obtain the total WS.
As a result of discretization, it may occur that some internal
points are not reached in the discrete search and therefore they
form an artiﬁcial void in the WS. The algorithm compensates
(b) Subroutine Adding a Point to WS
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Figure 4 Workspace estimation ﬂow chart.
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range of motion of each joint and marking them as WIP.
3.2. Computer code
The algorithm is implemented into computer code using the
Delphi programing language (Delphi, 1997). The Delphi
programing language was chosen for the algorithm implemen-
tation because the executable programs resulting from itscompiler have a relatively high speed of execution compared
to programs generated by other compilers. In addition, Delphi
has a relatively easy coding language and high programing
capabilities. One of the good features implemented in the code
is the capability of having an external subroutine for giving the
controller commands. This allows further development of the
code without modiﬁcation of the main core solver. The main
solver subroutines of the code use text ﬁles for data input
and output.
Figure 5 Unimate 2000.
Figure 6 Kinematic diagram of unimate 2000.
Figure 7 WS of unimate 2000.
Figure 8 Unimate 9000.
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A huge variety of industrial robots is available in the market.
Robots’ structures, number and types of joints differ according
to the robot type and its design based on the functions required
from it. Some of the most popular industrial robots are used in
the computer code validation as case studies. The robot joints
may be classiﬁed into two main types. Revolute (R) and/or
prismatic (P) type. Robot type may be represented by a series
of letters R and/or P starting from the base side.Table 1 Data of case studies industrial robots for WS in free space.
Robot ID No. of joints Axis # Joint type D–H parameters Joint motion range
h r a a Min. Max.
Unimate – 2000 (Fig. 6) 4 0 – 0.0000 0.0000 0.0000 0.0000 – –
1 R q1 1.2000 0.0000 1.5708 0.2443 3.3859
2 R q2 0.0000 0.0000 1.5708 1.1170 2.0944
3 P 0.0000 q3 0.0000 1.5708 0.9650 2.0260
4 R q4 0.0000 0.1000 0.0000 3.4121 0.2075
Unimate – 9000 (Fig. 7) 7 0 – 1.5708 0.0000 0.0000 1.5708 – –
1 P 0.0000 q1 0.0000 1.5708 0.0000 4.3000
2 R q2 1.1000 0.0000 1.5708 0.7854 1.5708
3 R q3 0.0000 1.0000 0.0000 0.3491 1.5708
4 R q4 0.0000 0.1000 1.5708 0.8727 0.8727
5 R q5 1.2500 0.0000 1.5708 6.2832 6.2832
6 R q6 0.0000 0.0000 1.5708 1.9199 1.9199
7 R q7 0.1000 0.0000 1.5708 4.7124 7.8540
aAll lengths are in meters and all angles are in radians.
Figure 9 Kinematic diagram of unimate 9000.
Figure 10 WS of unimate 9000.
Figure 11 Search volume discretization.
Table 2 Data of case studies of industrial robots for WS with obstacle presence.
Robot ID No. of joints Axis # Joint type D–H parameters Joint motion range
h r a a Min. Max.
SCARA (Fig. 3) 4 0 – 0.0000 0.0000 0.0000 0.0000 – –
1 R q1 0.3000 0.2500 0.0000 1.6755 1.6755
2 R q2 0.0000 0.1500 0.0000 2.0071 2.0071
3 R q3 0.0000 0.0000 3.1415 3.9269 3.9269
4 P 0.0000 q4 0.1000 0.0000 0.1500 0.2500
PUMA (Fig. 9) 6 0 – 0.0000 0.0000 0.0000 0.0000 – –
1 R q1 1.0300 0.0000 1.5708 1.2217 4.3633
2 R q2 0.0000 0.6500 0.0000 0.3491 3.4907
3 R q3 0.0000 0.0000 1.5708 0.7854 3.9270
4 R q4 0.6000 0.0000 1.5708 4.6426 4.6426
5 R q5 0.0000 0.0000 1.5708 1.9199 1.9199
6 R q6 0.1000 0.0000 1.5708 4.6426 4.6426
aAll lengths are in meters and all angles are in radians.
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YSet next point in 
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Figure 12 Computational algorithm ﬂow chart.
138 M.F. Aly, A.T. AbbasTwo types of industrial robots are used in the veriﬁcation of
the technique performance and the evaluation of the estimated
WS. A comparison between the estimated WS obtained by the
developed algorithm and the WS provided by the manufac-
turer is presented. This comparison shows that the proposed
algorithm conveniently approximates to the correct robot
WS as it is given by the manufacturers.3.3.1. Unimate 2000 robot
Fig. 5 and 6 show the ﬁgure and the kinematic diagram of the
Unimate 2000 robot. D–H parameters, joints’ types and ranges
of motion of this robot are given in Table 1.
Fig. 7 shows the workspace graph of Unimate 2000 robot
provided by the supplier along with the estimated working
space developed by the proposed algorithm for comparison.
Figure 13 SCARA robot.
Figure 14 Kinematic diagram of SCARA robot.
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tween the manufacturer WS and plotted one. The developed
algorithm can also provide slices in the estimated WS at any
desired positions in any of the three essential planes (XY,
YZ and XZ planes).Figure 15 Top view of exact WS of SCAR3.3.2. Unimate 9000 robot
Figure and the kinematic diagram of the Unimate 9000 robot
are shown in ﬁg. 8 and 9. Table 1 provides the D–H parame-
ters, joints’ types and ranges of motion of this robot.
Fig. 10 shows a comparison between the manufacturers
provided working space that comes with any industrial robot
and the estimated WS produced by the proposed algorithm.
Very close resemblance in the WS can be observed and two
sections are taken at locations A and B to demonstrate the sim-
ilarity between the manufacturer and the obtained WS. The
manufacturer can only provide a projection of the robot WS
by simply drawing the motion of the set of ﬁrst principle links.
This justiﬁes the importance and usefulness of the proposed
algorithm in determining accessible points by the robot which
can be judged by the program if a point is within the robot WS
or not even if it seems to be an external point in the WS view in
one of the principle projection planes.
4. Robot workspace estimation algorithm in a space with
obstacles
The main objective of the proposed algorithm is to estimate the
modiﬁed WS of a given robot due to obstacle presence in its
accessible region depending on its shape and relative position
to the robot base. (Megahed et al., 2001). This problem is for-
mulated as an optimization problem performed using genetic
algorithm for which a brief note is given in the next sub-section.
4.1. Basic technique employed
The predeﬁned search volume (SV) is discretized as a group of
ﬁnite points as shown in Fig. 11. Every point in the SV is con-
sidered as a target point for the robot to reach and the evalu-
ation of each target is made based on the capability of the
robot to reach such a point without having any of its links
interfering with obstacles.
The proposed algorithm can be effectively used to solve the
inverse kinematic position model (IKPM) Megahed, 1993 by
formulating the problem as an optimization problem. The
objective function of the optimization problem is to minimizeA Robot – with and without obstacles.
Figure 16 Estimated WS of SCARA robot – without obstacles.
Figure 18 PUMA robot in a work cell.
Table 3 Comparison between the Two Developed Numerical Tech
Technique applied to robot in free space Techn
Links representation Wire frame Outer
Obstacle parameters None Numb
WS determination
procedure
Full run for WS determination Optio
and m
Generalization Works for free space only Can w
and sm
Computational time Few secondsa (less than 10 s) 8 ha (f
a This analysis was performed on an Intel processor 1.67 GHz with 2 G
Figure 17 Estimated WS of SCARA robot – obstacle present.
140 M.F. Aly, A.T. Abbasthe distance between the robot end effector and the target
points with a constraint of not having any of the links interfer-
ing with any of the obstacles present in its working space. The
optimization problem is solved using real-coded variables ge-
netic search (Zhang and Wang, 2004; Goldberg, 1989; Davis,
1991; Mickalewicz et al., 1994). The objective function to be
minimized is described in Eqs. (6) and (7),
Minimize fðxÞ ¼ fðxTCP  xTargetÞ2; ðyTCP
 yTargetÞ2; ðzTCP  zTargetÞ2g ð6Þ
Subject to :
Xn
i¼1
fðxlink  xobstaclejÞ2; ðylink  yobstaclejÞ2;
ðzlink  zobstaclejÞ2gP Vavoid; j ¼ 1; . . . ; n ð7Þniques.
ique applied to robot in space with obstacle
diameter of links must be inputted for interference check
er & location of forbidden points are identiﬁed
nal full run or stepped according to robot dimensions
aximum ranges
ork free space (if the number of forbidden points are inputted zero,
all links diameters are chosen) but will take much more time
or a 6-link robot arm with moderate number of forbidden points)
B RAM.
Figure 19 Kinematic diagram of the PUMA robot.
Figure 20 Three dimensional view of estimated PUMA robot
WS – obstacle present.
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xTCP is the x position of the robot end effector
yTCP is the y position of the robot end effector
zTCP is the z position of the robot end effector
xTarget is the x position of the target point
yTarget is the y position of the target point
zTarget is the z position of the target point
j is the total number of obstacles
Vavoid is the minimum distance to avoid robot collision with
obstacles
Fig. 12 shows the ﬂow chart explaining the computational
rational of the proposed algorithm. Inputs to the program in-
clude robot’s geometric parameters and joints’ ranges as well
as obstacle data.
Initially, all points are marked as inaccessible points. The
algorithm then repeats a genetic search for each target point
trying to ﬁnd a combination of joint positions that minimize
the distance between the robot end effector and the target
point without interfering with any obstacles.
4.2. Veriﬁcation of WS estimation technique
To verify the developed computational algorithm and judge its
efﬁciency and capabilities, two types of industrial robots are
used the SCARA and the PUMA robots. The SCARA robot
is used for its simple WS shape, which will enable the detection
of any bugs or errors in the developed algorithm. The obstacle
in the SCARA robot accessible region is chosen to have a sim-
ple cylindrical shape to study its effect on the whole robot WS,
while for the PUMA robot, the obstacle is chosen to have a
rectangular cross section with a height exceeding the robot
maximum and minimum limits.
4.2.1. SCARA robot
The ﬁgure and the kinematic diagram of the 4-axes SCARA
robot of type RRRP is shown in Fig. 13 and Fig. 14, while
the D–H parameters, joints’ types and ranges of motion are gi-
ven in Table 2. Due to the special conﬁguration of the SCARA
robot, the top view is usually sufﬁcient for specifying the WS.
Moreover, the top view of the WS can be drawn manually just
like a two-link robot. Fig. 15 shows the exact WS of the
SCARA robot with and without obstacles drawn manually.Figs. 16 and 17 show the corresponding working space as
developed by the proposed algorithm. A good matching be-
tween the actual and developed WS results can be concluded.
The obstacle is plotted within the search volume as an inacces-
sible region for the end effector to be excluded as target points.
4.2.2. PUMA robot
In order to reveal some of the capabilities of the proposed
algorithm, estimation of the WS of a PUMA robot is demon-
strated. The picture and the kinematic diagram of the PUMA
robot is given in Figs. 18 and 19. The D–H parameters, joints’
types and ranges of motion are provided in Table 2. Fig. 20
shows leveled sections in the estimated WS after an obstacle
142 M.F. Aly, A.T. Abbasis placed close to the robot base. Slices taken at different levels
of 0.5, 1, 1.5, and 2 m height are shown in these ﬁgures illus-
trating the robots’ working space at those levels in presence
of the obstacle.
Knowing the PUMA robot to have a great degree of ﬂexi-
bility in its WS, we can see that the WS is slightly affected by
the obstacle presence in the area surrounding the obstacle.
However, other places away from the obstacle are also affected
by the obstacle presence and points are not reached due to ro-
bot link interference with the obstacle.
4.3. Evaluation of techniques performance
A brief evaluation and comparison between the two developed
numerical techniques to estimate robot WS in free space and in
space with obstacles are presented in Table 3. Also, informa-
tion concerning execution time and type of data input required
to each program is provided.
5. Conclusions
This paper presents a new and efﬁcient numerical technique for
the estimation of the working space of any open chain robot
arms with different types of joints and orientations. Also, a
computational algorithm for the robot workspace estimation
in presence of obstacles is developed.
The numerical technique proposed is based on a new ap-
proach. This approach suggests the discretization of the search
volume into a ﬁnite number of points in order to minimize the
computational time. This discretization is performed according
to the desired accuracy and search volume size. A sweeping pro-
cess of an existing surface through the active joint range of mo-
tion is then performed. The closest point in the discretized
search volume to the swept one is added to theWS and this pro-
cedure is repeated for all points on the existing surface to obtain
a new one. An incremental increase in the joint position from its
initial value to the ﬁnal one creates the ﬁnal WS. This sweeping
process is then repeated for all the robot joints beginning from
the last one till the ground to obtain the whole WS of the robot.
Two industrial robots of different conﬁgurations are used for
the veriﬁcation of the developed technique and show the simi-
larity between the estimated WS obtained by the algorithm
and the WS provided by the robot manufacturer.
For the same problem in the presence of obstacles, judg-
ment of search volume points as accessible or inaccessible is
formulated as an optimization problem that is solved using ge-
netic search. The genetic search is thus used to classify the
points in this search volume into accessible points and inacces-
sible points which cannot be reached by the robot without one
of the robot links interfering with any of the present obstacles.
Two case studies are presented to demonstrate the effectiveness
of the proposed technique. The proposed technique is tested
for the cases of single open chain robot arms but can be gen-
eralized to more complex robot conﬁgurations. The generaliza-
tion however, requires the methodology of computing the
position and orientation of all the robot links to be available.
The major advantage of the proposed algorithm is that it
provides detailed information about the whole robot WS and
not only the outer work envelop as provided by the robot man-
ufacturers. Most of the available software provides only means
of path planning of robot arms in the presence of obstacleswhich no robot manufacturer offers. The proposed algorithm
is generalized in the means that it can adapt to obstacles geom-
etry changes as well as obstacle position changes relative to the
robot base which can alter the resulting robot accessible region
drastically and change the WS shape. Robot manufacturers do
not offer this type of information and the available software
will only provide a path plan for the arm movements and will
need to be checked every time the robot is required to perform
a different task or go to new positions (Delphi, 1997). Path
planning is an important step but it becomes next to selecting
the suitable robot for a certain job. In order to do so, we have
to provide the end-user with the robot type and the correspond-
ing working space to determine if it can serve in a certain loca-
tion with some constraints or not. Robots provider provides
only the working envelop of each industrial robot that consists
of the maximum reach in the 3 main planes. They do not pro-
vide software or a method for altering the workspace in the
presence of obstacles. Our paper provides a method for the
users to produce the working space and the changes that hap-
pen to it when changing the obstacle position and/or shape.
Some limitations are induced by the genetic search. Genetic
search generally requires a large number of objective function
evaluations which is time consuming especially if the required
accuracy level demands the discretization of the search volume
to produce a large number of ﬁnite points. A key factor in the
genetic search is the choice of population size and maximum
number of generations till convergence (Goldberg, 1989).
Choice of a relatively large number for both population size
and number of generations produces better optimization accu-
racy at the expense of longer computational time. While using
relatively small population size and number of generations re-
duces the computational time but can lead to some faulty re-
sults; difﬁcult locations to reach (such as at the boundary or
close to obstacles) may be incorrectly judged as inaccessible.
On an average scale, the modiﬁed technique can result in
reduction of the total computational time to less than half.Acknowledgment
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